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O PASBBUEHUU I'PA®A HA IOAT'PA®BI
ON THE PARTITION OF THE GRAPH INTO SUBGRAPHS

B craThe paccmarpuBaeTcs 3a1aua pa3ouenus rpaga Ha MHOKECTBO 1oarpadon
C ompezaeneHueM paspe3a rpada U TpaHWYHBIX BepimnH. OmpeaeneHbl KpUTEPUU
OIICHKH KauecTBa TOJIPa3pe30B W HAJOKEHbI HEKOTOpPbIE OTpaHUYCHHs (TpaHUYHbBIE
YCIIOBUS), KOTOPBIE TOJIKHBI OBITh YUTEHBI MPU HAXOXKJACHUU Pa3OneHUS.
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In this paper we consider the problem of partitioning a graph into a set of
subgraphs with the definition of a cut of the graph and border nodes. The criteria for
assessing the quality of sub-divisions are defined and some restrictions (boundary
conditions) imposed, which must be taken into account when finding the subdivision.
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AKTYaJIbHOCTh TeMbI uccjiefoBanns. Ha ceroansimHuii 1eHb caMbIMU aKTya-
JHHBIMU KOMITBIOTEPHBIMU CETSIMU SIBIISIFOTCS OECIIPOBOJHBIC, TaK KaK JIAIOT CBOOOY
MePEMEILICHUM.

Bcenencrsue yBenuueHus 0o6bema MOOMIIBHOTO Tpaduka B CETH, KOTOPBINA PacTeT B
rE€OMETPUYECKON TPOTPECCHH, KOHTPOJIUPOBATH TOTOKM HWH(POPMALUK CTAHOBUTCS
cioxkHee. B cBOro ouepeib, st KaKI0ro TUMa Tpaduka BhIIBUTAIOTCS CBOU TPeOOBaHUS
K KauectBy oOcmyxuBanus (QoS) [1], Takme kak TpeOOBaHUSI K MPOITYCKHOM
CHOCOOHOCTH, 3aJIEP’KKH, HAJIGKHOCTH U OTHOCUTEIBHOM 3arpy>KEHHOCTH y371a.

IlocranoBka npodaembl. Bo3HrkaeT HEOOXOMMOCTh B pa3dreHnn 6EeCpOBOTHOM
KOMITHFOTEPHOM CETH Ha 30HBI MapIIPYTH3ALMH U1l YMEHBIICHUS! BPEMEHH KOHCTPYHPO-
BaHMA Tpaduka 1 HGOPMHUPOBAHUS MHOKECTBA ITyTEH sl Tiepeiauu HHGOPMAITUH.

AHAJIU3 MOCJIeHUX MYOJTuKAUMi U uccjenoBannii. B padote [1] mpemioxen
METOJI MHOTOYPOBHEBOI'O M COAIAHCHPOBAHHOTO pACTIpEeNieHUs] KOCBEHHBIX I'padoB
(Multi-level spectral graph partitioning method (MSGP). Mcnons3ys coOCTBEeHHbIE
BEKTOpBI MaTpullsl Jlamnaca rpadoB, METOA UMEET CHEKTPAJIbHBIN MOJIX0JI, KOTOPbI
UMEET MPEUMYIIECTBO Mepe] METOJaMHU C TJI00aJbHON CIOCOOHOCTBIO K JIEICHHUIO.
bucekius, koTopasi sIBISE€TCS CIEKTPAIbHBIM METOAOM, MOXXET pa3lieluTh rpad c
nomolisio Bektopa dujiepa, a pekypcuBHasi Bepcus METO/1a MOKET ObITh pasjieieHa
Ha HECKOJIbKO YPOBHEH.

B pabGore [2] mpeanaraercss mojxoj, MHOTOYPOBHEBOI'O pa30HEHHs] CETH Ha
30HBI MapUIPyTU3allUM, W BBIACIAIOT Tpu (a3pl pazOueHus rpada: ykpyrnHEHUE,
HavallbHOE pa30HeHHe U yTouHeHue. Takke MpeiokKeHa peau3alus aaropurMa
Metis Ha ocHoBe OpenMP u cpaBHeHue ero ¢ MPI Ha Tpex pasHBIX MHOTOSACPHBIX
apxuTeKkTypax. MHOTONOTOYHOE pazjieiieHre obecreunBaeT 0ojiee YeM BJIBOE YCKOpe-
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HUE TI0 CPAaBHEHUIO C JIPYTMMHU pa30MEHUsIMHU, HO TaKXKe HCIIOJIb3YeT 3HAYUTEIHHO
MEHBIIIE TTaMSITH.

B paGote [3] pacmmpsercs 3amaua pa3OueHus rpada Ha moarpadsl myTeMm
n00aBJIeHUs] TPOU3BOJIBLHOIO KOJMYECTBA OrpaHMYeHU OamancupoBku. B pabore,
Ka)XIOMy U3 BEpIIMH MPUCBAUBACTCSI BEKTOP BECOB, U IEJIb COCTOUT B TOM, YTOOBI
co3naTth k-oOpasHoe pa3buenue Takum oOpa3oM, YTOOBI pa3OuEHHE YIOBIETBOPSIO
YpaBHEHHIO OalaHCUPOBKH, CBS3aHHOMY C KaXKIbIM BECOM, IPH TOIMBITKE MUHUMU-
3UpPOBATh TPAHUYHBIC Y3IIbI.

Boigesienne HencclieIOBAHHBIX YacTeil o0uieil mpodiaembl. B paccMoTpen-
HBIX criocobax pa3Ouenust rpada Ha noiarpadbl HE ONpPENesIeHbl KPUTEPUH OLEHKU
KayecTBa MOAPA3pe30B CETHU, KOTOPOE HEMOCPEJICTBEHHO CBA3aHO C OE30M1aCHOCTHIO
BCEH CETH.

IMocTanoBka 3anaun. TpaguIMOHHBIE ANTOPUTMBI pa3oueHus Tpad)oB BBHIYKC-
7s1t0T k-00pasHoe pa3oueHue rpada TakuMm 00pa3oM, 4TO KOJIHIECTBO pedep (paspes),
MUHUMU3HUPYETCS, U KaXAbIH pa3pe3 UMeeT PaBHOE KOJUYECTBO IPAHUYHBIX BEPIIUH.
3amaya MUHUMH3AIMKA TPAHUYHOTO pa3pe3a MOXKET PacCMaTpUBATHCS Kak 1edb, U
TpeOOBaHHE O TOM, YTOOBI pa3pe3bl MMENIHM OJMHAKOBBIM pa3Mep, MOXKHO paccmar-
pHUBaTh KaK OTpaHUYCHHE.

PaccmotpumM HeopueHTHPOBAHHBIN Tpad G=(V,E, w, C,P),
rre ¥V — He IMyCTOe KOHEYHOE MHOKECTBO BEpILIMH, Vz{l,...n}, n - mopsnok rpada;
E ={(i, j)eVXV}— MHOXXECTBO pebep; W :V — R — BecoBas (QYHKIHSA, KOTOpas
KaXJI0M BepUIMHE CTaBUT B COOTBETCTBUE JIeHCTBUTENBbHOE uwncio (W >0-gec
BepmuHbI i € V' ); C:E — R — BecoBast QYHKIUS, KOTOpasi KaXIOMy peOpy CTaBHUT B
COOTBETCTBHE JIECHCTBUTENLHOE 4YHMCIO (C; >0-Bec pebpa (i,/)eE); P:E —>(0,1]—
BeCOBasi QYHKIIUS, KOTOpast KAXKJIOMY CTaBUT B COOTBETCTBHUE JCHCTBUTEIBHOE YUCIIO U3
nonyunrepsana (0,1] (0 < p; = l-BeposiTHOCTB Ge30TKa3HOM PAOOTEI pedpa (i, j)  E ).

Paz0ouenne rpada Ha moarpadsl 03HaAYaeT MPEACTABICHHE HMCXOIAHOTO rpada
G = (V,E) B BHJE MHOXKECTBA TOJMHOXKeCTB BepmuH (610koB) Vi, Vs, s V. (# > 1),

Takux, uto VOV, ..UV =V V.V =4, kl=1,..r k#[.

Bepumna 1 GV,;, KOTOpasi CBsi3aHa peOpoM C BEpIIMHON ] EI{, k # [ Ha3bIBae-
TCS TpaHM4YHOUl BepmmHOW. PeOpo, coeauHstoniee BEpIIMHBI PA3HBIX OJIOKOB,

Ha3BIBAIOTCS pedpom paspesa. Muoxectso E, ={(i,/)€E|i€V,,j€V,} - moxect-
BO pebep paspesa Mexy onokamu Y, u V, (nexoropsie n3 muoxects £y MoryT GbiTh
nycteiMu), rae ¥, n ¥, - maoxectBo £y koTopbie Ha3bIBAIOTCS KOrpaHUIEH GI0KOB.

MmuoxectBa £, nanee GyjneM Ha3bIBaTh MOApPa3pe3aMu.

Moxrpadom G Gynem HassBaTh rpadh ¢ MHOKECTBOM BepurkH Vj i MHOKeC-
TBOM pebep £ :{(i,j)eE| i€V, er}, to ectb G, =(V,,E,).

KauecTBo pasbuenus rpada MOMKET OLEHMBATHCA 10 OJHOMY WM HECKOIBKHM
KPUTEPUSM, KOTOpBIE SBIAIOTCA (DYHKIMAMH TIapaMeTpoB moapaspe3oB Ly, mommuo-

xectB V), V)

s s V. m/umu moarpados G G, ..., G,
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Zf(Ek,)—> min (max),

k<l

ég(Vk ) — min (max);

éh(Gk ) — min (max) .

B03MOXHBI Takie KpUTEPUU OLIEHKH KadecTBa OJpa3pe3oB, f (Ekl)3

— CyMMapHoe KOJIMYeCTBO pebep mojapaspesa, [ Ekl)
— cyMMapHbIi Bec pebep mojpaspesa (CTOUMOCTh pazpesa), f ch ;
(i./)eEu

— BEPOATHOCTH BHIXOJA M3 CTpos Bcex pebep mompaspesa f(E,)= H(l— pl.j)
(i./)eEy

(mpenmnomnaraercs, 4To COOBITUS «BBIXOJI peOpa U3 CTPOs» SABJISIOTCS HE3aBUCUMBIMH);

— MUHUMAaJbHAs W3 BEPOSTHOCTEW Oe30TKa3HOW paboThl pebep mompaspesa
f(Ey)= min p;;

( LJ )EEkl

— KpUTEpHH, SBISIONIUICS KOMOMHAIIMEH TapaMeTPOB MOpa3pe30B, HAPUMED
CyMMa TIPOM3BEJCHUI BECOB pebep Ha BEPOSATHOCTh BBIXOJA HMX U3 CTPOS.
f (E,d): Z ¢;(1-p,) (cBomuTCs K 3ama4e pasOMEHUs C NEPECYUTAHHOH BECOBOH

(i./)eEy

dbyukmuei peodep).

Bo3MOXxHBI Takre KpUTEPUH OIEHKH KauecTBa MoydaeMbIX moarpados g(Vk),

WG, ):
2 Ey|

— mnotHocTk noarpada, 4(G, )= W—j;
‘Vk‘ Vk‘_l

— MakcuMajbHas M3 CTEMeHeW BepmuH moarpada, h(Gk):max{sl-}> roe S; —
il

cTereHb BepiiuHsl i € V) moarpada G, = (Vk,Ek)

— nuametp d(G,) noarpada G, =(Vk,Ek); nuametp rpada (moarpada) - paccTos-
HUE MEXIY JBYMsI HauOoJjiee OTAAICHHBIMH BepIIHaMU B rpade (moarpade);

— HapylieHue OaaHca MEXTy CYMMapHBIMH BECaMU BEPIIUH NoArpadoB (1eb
— HaiiTi Takoe pasOueHue, 4ToObl CyMMa BecoB BepmmH g(V, )= > w; B KaKIOM

iel,
noarpade ObUTH KaKk MOXHO OJTU3KU IPYT K IPYTY):
max {g (¥, )} - min {g (V, )} - min;;

1<k<r 1<k<r

— XapaKkTePUCTHKU FPAHUYHBIX BepLIMH noarpados: G, =(Vk,E}()

B 3amade Ha monyuaemoe pelieHHe TakKe MOTYT ObITh HAJIOKEHBI HEKOTOPHIC
orpaHu4eHuss (TpaHUYHBIC YCIOBHsI), KOTOpbIE JOJDKHBI OBITh YUYTCHBI TIpHU
HaXOXJIeHUH pa3oueHusi. K HUM OTHOCSTCS OrpaHWYeHUs (CHH3Y W/WIM CBEpXy) Ha
CJICTYIOIITUE BEIINIMHBIL:

— KOJWYecTBO moArpadoB pa3OueHMUs;
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— KOJIMYCCTBO BCPIIMH, BXOIAMIUX B Hoz[rpa(bm — TaK Ha3bIBACMOC

ocparnuvderue 661JZCIHCG, COT'JIaCHO KOTOPOMY BCC IMOJAMHOKCCTBA I/l’ 1/2, ooy I/r JOJI?KHBI

UMETh NMPUMEPHO OJMHAKOBBIA pa3Mep, TOYHEE, 3TO OrpaHUYCHHUE TPeOyeT, YTOOBI
|14

|Vk| <(1+ g)[u} k=1.r (¢ >0 - Ha3pIBaCTCS nApamempom oucoaianca);
r

— MaKCHMaJbHBIA JIUCOAIaHC MEXKIy KOJIMYSCTBAMHM BEPIIUH MOArpadoB
71].
pasoueHust max |V, |/ |;
k r
— CYMMapHbIi BeC BEpIIUH NOArpados;
— pasMep nucbhanaHca MeXIy CyMMapHbIMH BeCaMU BEPIIUH MoArpados;
— KOJIMYECTBO pedep, BXOASIIINX B pa3pes;
— CYMMAapHBIii Bec pebep pa3pesa;
— BEPOATHOCTH BHIX0JIA U3 CTPOS Beex pebep mompaspesa £y
— cpeJHee KONMYECTBO pebep BXOMAIIMX B moapaspessl Ly;
— cpenHMii Bec pebep BXOAAMMX B Tozpaspessl Fy;
— XapaKTepHCTHKH IPaHHIHbIX Bepuna noarpados Gy = (Vk,Ek):
o creneHpb d; rpaHHYHON BEPIINHEI i |

o kommuectBo d;" Jyr, MHLMICHTHBIX TIPAHMYHON BEPLIMHE i, BXOISIIUX
B IOJPA3peEs3 ;

O BEPOSITHOCTh BBIXOJIa U3 CTPOSi «BHYTPEHHHX» U «BHEHIHHX» pedep
TPaHUYHOU BEPIIUHBI 1 .

BeiBoabl. B pabote npeioxken cnocod pa3OueHus ceTH Ha 30HBI Mapuipy-
tuzanuu. [Ipeanoxkensl U onpeeneHbl KPUTepUN OIIEHKH KauecTBa MOApa3pe30B CETH,
TaK)Ke HAJIOKEHbl HEKOTOPBIE OTpaHUYeHUs (IpaHUYHbIE YCIIOBUS), KOTOPbIE JOJKHBI
OBITh YUTEHBI PU HAXOXKJACHUU Pa30UEHUSI.
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ON THE PARTITION OF THE GRAPH INTO SUBGRAPHS

Relevance of research topic. The task of distributing the graph to smaller
podgraphs was relevant many years ago and today is relevant in connection with the
constant change in technology associated with the organization of computer networks.
The task of distributing graphs to pieces in conventional networks is of the same
nature, and when organizing the same process on the network there are many
difficulties that need to be addressed.

The posing of problems. There is a need to break up the wireless computer
network into routing zones in order to reduce the time of designing traffic and to form
a multitude of paths for transferring information.

Analysis of recent research and publications. In recent years, the issue
associated with the organization of the computer network sdn is of great interest, as it
gives many opportunities in solving this problem.

Isolation of unexplored parts of a common problem. In the considered ways
of partitioning a graph into subgraphs, there are no criteria for estimating the quality of
subdivisions.

Formulation of the problem. The task is to partition the sdn network into the
routing area, so that the minimization of the boundary cut is considered as a goal, and
the requirement that the cuts have the same size can be considered as a limitation.

Presentation of the main material. The analysis of the methods of network
splitting into zones is carried out and the relative criteria and difficulties are revealed.
It is proposed to establish certain quality criteria for the breakdown of the graph. They
can be evaluated according to one or more criteria, which are functions of the

parameters of sub-divisions £, subsets V|, V5, ..., V. and / or subgraphs G G, ....G,

Conclusions. The method of splitting the network into routing zones is
proposed. Proposed and defined criteria for assessing the quality of sub-divisions, also
imposed some restrictions (boundary conditions), which must be taken into account
when finding a partition.

Keywords: graph, section of graph, subgraph, partition of graph.



